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The inflation point in U(1)de hilltop potential assisted by chaoton,
BICEP2 data, and trans-Planckian decay constant
Jihn E. Kim
Department of Physics, Kyung Hee University, 26 Gyungheedaero,
Dongdaemun-Gu, Seoul 130-701, Republic of Korea
The recent BICEP2 report on the CMB B-mode polarization hints an early Universe energy
density at the GUT scale. We add a new ‘chaoton’ term to our recently proposed hilltop potential
to have a large tensor mode fluctuation. The chaoton field slides down from the hilltop when the
inflaton field value is small so that an enough e-folding is possible. We also comment how the
trans-Planckian decay constant is obtained from some discrete symmetries of ultra-violet completed
models.
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I. INTRODUCTION
The recent report of the tensor modes on a large CMB
B-mode polarization by the BICEP2 group [1] has at-
tracted a great deal of attention. The reported tensor-
to-scalar ratio is r = 0.2+0.07−0.05 (after dust reduction to
r = 0.16+0.06−0.05). But, the previously reported Planck data
presented an upper bound on r < 0.11 [2] which is about
2σ away from the BICEP2 report. At present, therefore,
we need to wait a final confirmation on the BICEP2 re-
port. However, this large value of r is so profound if true,
here we investigate a possible outcome from our recently
published hilltop inflation model [3, 4].
A large r seems against hilltop inflation scenario rolling
down from the origin [5]. However, a hilltop poten-
tial is quite generic from the top-down approach [6].
In Ref. [3], the hilltop inflation was suggested on the
way to understand a very tiny dark energy (DE) scale
10−47 GeV 4 [7, 8], by closing the shift symmetry ade →
ade+constant of the DE Goldstone boson direction. The
field ade is a pseudo-Goldstone boson because any global
symmetry must be broken at some level [3, 9]. For ade
to generate the DE scale, theory must allow the leading
contribution to DE density at the level of 10−46 GeV4.
A top-down approach such as string theory introduces
the defining scale (MP ≃ 2.44 × 1018 GeV or string
scale), and the next possible scale is the grand unifica-
tion (GUT) scale MGUT. If ade is a pseudo-Goldstone
boson with its decay constant at a Planckian (or trans-
Planckian) value, its potential can be parametrically ex-
pressed as a power series of MGUT/MP . However, if
ade couples to the QCD anomaly, then it is the QCD
axion.1 Since the QCD axion cannot be ade, we must
introduce two spontaneously broken global symmetries,
one U(1)PQ and the other U(1)de, where U(1)de is cho-
1 We can neglect the coupling to the SU(2)weak anomaly, whose
effect is negligible compared to the potential energy term we
consider as powers of MGUT/MP .
sen not to carry the QCD anomaly. If the leading term
of ade is chosen at the 10
−46 GeV4 level, its potential
looks like Fig. 1, where this tiny energy scale is shown
as the red band (exaggerated in the figure), and the de-
cay constant of ade, fDE, can be larger than the Planck
mass MP ≃ 2.44× 1018 GeV. The decay constant fDE is
required to be trans-Planckian so that ade has survived
until now [10]. One inevitable aspect of this study is that
it is necessary to consider U(1)de (and hence the QCD
axion [11]) together with the U(1)de symmetry.
The field ade is a pseudoscalar field, i.e. the phase of
some complex scalar Φ. In the top-down approach, the
height of the potential at the origin is expected to be
of order MGUT
4 as shown in Fig. 1. Since ade is the
phase of Φ, the potential along the ade direction is flat if
we do not consider the explicit breaking terms of order
10−46 GeV4. Of course, at the intermediate scale or at
the electroweak scale, there are additional U(1)de break-
ing terms, but their effect is just changing fDE by a tiny
amount, fDE →
√
fDE
2 +M2int. In this top-down ap-
proach, we must consider the potential shown in Fig. 1,
and the very early Universe might have started at the
black bullet point of Fig. 1 due to high temperature ef-
fects [12, 13]. This leads to the hilltop inflation. Our
‘hilltop inflaton’ is a scalar field.
The ‘natural inflation’ [14, 15] is also using a potential
of a pseudo-Goldstone boson, but it is not a hilltop infla-
tion because at the origin of Im (Φ) the potential is a lo-
cal minimum and the ‘natural inflaton’ is a pseudoscalar
field. Nevertheless, the possibility of large r from the
BICEP2 data may rule out the hilltop inflation, even
though a (3− 4) σ allowance may be acceptable. On the
other hand, if the height of hilltop is much lower than the
GUT scale energy density, the inflation history may not
be affected by the hilltop potential. A more attractive
possibility will be that the inflaton may not be a vanilla
type single field but involves more than one field.
In the Einstein equation Gµν = Tµν , the Einstein ten-
sor responds to the energy-momentum tensor and the
GUT energy density can be considered small enough to
use the Einstein equation for the evolution of the Uni-
2Im (Φ)
Re (Φ)
V (Φ)
fDE
10−46GeV4
⋆
O(M4G)
•
FIG. 1: The dark energy potential. The blue star marks a
typical field value of the phase field of Φ.
verse. If there exists a trans-Planckian vacuum expecta-
tion value (VEV) or decay constant, one should check a
possible generation of Planck scale Tµν in which case a
proper discussion of the Universe evolution by the Ein-
stein equation is impossible. But, if the energy scale dur-
ing inflation is small (i.e. (1016 GeV)4) compared to the
Planck energy density M4P , the trans-Planckian field val-
ues (i.e. the DE decay constant fDE > MP ) are allowed
during inflation [16].
One possible trans-Planckian decay constant is some
combination of axion decay constants [15, 17] where the
potential energy never exceeds M4P due to the shift sym-
metries of axions. The form of the potential of Fig. 1 is
also appropriate for inflation if we let |Φ| < fDE. Usually,
the cutoff scale of Planck mass allows higher dimensional
operators φn/Mn−4P for field value of φ less than the cut-
off scale. With the trans-Planckian fDE, it corresponds to
λφn
Mn−4
P
(the vacuum energy at φ = 0) < M4P , or the trans-
Planckian decay constant satisfies, fDE < MP /λ
1/n.
This corresponds to allowing only smaller and smaller
couplings for higher order terms of φ such as cosφ [14, 15].
We will also point out that even without shift symmetries
an appropriate choice of discrete quantum numbers of the
inflaton and GUT scale fields can be adequate to describe
a trans-Planckian VEV of the inflaton.
II. SPONTANEOUSLY BROKEN U(1) HILLTOP
INFLATION
Let us introduce dimensionless energy variables in
units ofMP ≃ 2.44×1018 GeV and a dimensionless time
t in units of M−1P . A GUT scale reported in Ref. [1]
is (2 × 1016 GeV)4 which is about 10−8. Models from
(heterotic-)string compactifications leading to the unifi-
cation of gauge couplings at the GUT scale [18–23] do
not necessarily imply renormalizable couplings in the ef-
fective potential V below the Planck scale MP . There
are two well-known hilltop forms for the potential, which
are very flat near the top.
V
φ
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FIG. 2: The U(1)de -hilltop inflation. The cyan curve is the
potential showing tunneling to the blue bullet. The blue bul-
lets in the gray and yellow are the equivalent points. The
temperature dependent potential before spontaneous symme-
try breaking of U(1)de is shown as the red curve. The green
curve direction fromm, orthogonal to that of φ, is the chaoton
direction.
The first example is the quartic potential with an ex-
tremely small λ. With the symmetry φ → −φ, it can
be written with two parameters, λ, and fDE, with three
conditions, V ′(0) = 0, V ′(fDE) = 0, and V (fDE) = 0,
V =
λM4P
4!
(φ2 − fDE2)2 ≡ λ
4!
(φ2 − fDE2)2 (1)
where λ is the quartic coupling constant and φ is the
radial field of Fig. 1.
The second example is the non-supersymmetric
Coleman-Weinberg (CW) type potential [24, 25], origi-
nally considered in the new inflation scenario [13],
CW


V = B
(
φ4 ln φ
2
M2
f
+ 12e
−1M4f
)
,
V ′ = 4Bφ3
(
ln φ
2
M2
f
+ 12
)
,
V ′′ = 12Bφ2
(
ln φ
2
M2
f
+ 76
)
.
(2)
where Mf is a mass parameter chosen to absorb all φ
4
coupling in V (φ), and
B =
3
64π2φ4
Trµ4φ =
3
64π2〈φ〉4
∑
v
µ4v (3)
where for simplicity we did not include the fermion and
scalar couplings and the sum running over all massive
vector bosons at the GUT scale. With the CW potential,
it is known that the Higgs mass is O(α) times smaller [25]
than the VEV of the Higgs field. In the U(1)de case, the
VEV or fDE is required to be trans-Planckian and a GUT
scale scalar mass perfectly fits with a trans-Planckian DE
decay constant. If the BICEP2 data is explainable with
the CW potential, it is a very attractive one relating the
scales of fDE and MGUT. There are more examples of
inflatons, mostly with large field values for inflation.
A year ago the small field inflation was looked plausi-
ble with the Planck data [2], possibly disfavoring a large
3field value, but the situation has changed after the re-
port by the BICEP2 group. In each case, Eq. (1) or
Eq. (2), the potential is schematically drawn in Fig. 2.
But, there is a problem with the hilltop potential with
a large r if inflation starts from the origin. This is be-
cause with the BICEP2 value of r, 1− 38r ≃ 0.925. With
Eqs. (1) and (2), we have a very small η, and the re-
lation ns = 1 − 38r + 2η cannot be raised to ∼ 0.96.
This is even before calculating the e-folding number in a
specific inflation model. Hence, central values of both r
and ns cannot be explained at the same time with the
U(1)de hilltop model. Thus, we must include additional
terms if U(1)de hilltop height is contributing to the slow
roll inflation in a nontrivial way.
III. ADDITION OF CHAOTON FIELD X
Let us include an additional inflaton field X to locate
at bull’s eye of the BICEP2 data. This is to mimic the
chaotic inflation [26], and hence we call X chaoton. The
green curve in Fig. 2 is the second rolling direction along
X , and let us consider the following potential
V = λφ(φ
2 − fDE2)2 + λX
[
X2 − a(φ2 −m2)]2 , (4)
where λφ, λX , a, fDE,m > 0. When the inflaton φ moves
from 0 to m, X stays at 0. Immediately after φ passesm,
the X moves to nonzero values, either to + or – direction,
as shown in Fig. 2. It is like the hybrid inflation, and
we make the slope along X large as soon as φ passes
m so that the chaotic inflation is easily mimicked. The
minimum is now shifted from φ = fDE to
〈φ〉 = fDE,
〈X〉 = ±
√
a(fDE
2 −m2) .
(5)
Somewhere in the second roll, we expect the BICEP2
measure point is located, which we marked as (φ,X) =
(φBCP2, XBCP2). The top view of inflation path is shown
in Fig. 3.
After passing φ = m, the role of inflaton is changing
from φ to ϕ, and the inflation path is a curve in the X−φ
plane
ϕ = cos θ φ− sin θX,
ϕ⊥ = sin θ φ+ cos θX,
φ = cos θ ϕ+ sin θ ϕ⊥,
X = − sin θ ϕ+ cos θ ϕ⊥,
(6)
where θ is a function of t. The first and second derivatives
are
V,φ = 4λφφ(φ
2 − fDE2)− 4aλXφ
[
X2 − a(φ2 −m2)] ,
V,X = 4λX
[
X3 − a(φ2 −m2)X] ,
V,ϕ = −4λφcθφ(fDE2 − φ2)
− 4λX(sθX + acθφ)
[
X2 − a(φ2 −m2)] ,
(7)
φ
X〈X〉
ϕBCP2,
= (φBCP2,
• XBCP2)
×ϕhor
−〈X〉
e = 55
e = 3.5
FIG. 3: The inflation path field ϕ where the direction θ of
Eq. (6) defines ϕ in the space of two fields, φ and X.
V,φφ = 4λφ(3φ
2 − fDE2)− 4aλX
[
X2 − a(3φ2 −m2)] ,
V,Xφ = −8aλXXφ,
V,XX = 4λX
[
3X2 − a(φ2 −m2)] ,
V,ϕϕ = 4λφc
2
θ(3φ
2 − fDE2)− 8λXasθcθφX
+ 4λXs
2
θ
[
3X2 − a(φ2 −m2)] ,
(8)
where
tan θ =
X
φ
. (9)
Along the inflaton direction ϕ, the slope is
V,ϕ = V,φ cos θ + V,X sin θ . (10)
If falling along the green direction is immediate, we can
take θ is close to π2 as soon as φ passes m. Roughly
speaking, the path may look like Fig. 3 such that the
chaoton immediately settles to its minimum and the next
rolling is mostly via φ. The green path in Fig. 3 is the
inflation path ϕ after φ passes m. At ϕBCP2, θ is large
but it quickly becomes zero and a slow roll continues for
a long time until ϕ reaches ϕhor. After ϕ reaches ϕhor, it
will oscillate quickly around the minimum ϕ = fDE, or
another waterfall field takes over to end the inflationary
epoch.
IV. SUFFICIENT INFLATION
The needed e-folding number is of order 50 ∼ 60. We
can take ϕ as the point (φBCP2, XBCP2). In the slow roll,
the e-fold number N is given by
N(ϕ) ≃
∫ ϕ
ϕend
V (ϕ)
V (ϕ),ϕ
dϕ , (11)
4along the path dϕ = d(φ cos θ + X sin θ) where V,ϕ =
V,φ cos θ + V,X sin θ. Since V,φ and V,X are sufficiently
flat, we can obtain enough e-folding number. Note that
N(ϕhor) is of order 3 ∼ 4. A possible difficulty for large
N(ϕBCP2) from Eq. (11) arises from the fact that the
numerator of the integrand is of order GUT scale en-
ergy density fixed by BICEP2 while the denominator is
in general a function of field value ϕ. We can solve this
problem numerically by solving [27]
ϕ¨+ 3H(t)ϕ˙+
dV
dϕ
= 0. (12)
Even before solving Eq. (12), we can check possible
conditions for a large tensor to scalar ratio r and an ap-
propriate tilt ns, by checking the first and second deriva-
tives of V : V,ϕ and V,ϕϕ,
r = 16ǫ = 8
(
V,ϕ
V
)2
= 2
(
8
[λXXsθ − aλXφcθ][X2 − a(φ2 −m2)]− λφcθφ(fDE2 − φ2)
λX [X2 − a(φ2 −m2)]2 + λφ(fDE2 − φ2)2
)2
, (13)
2η = 8
λφc
2
θ(3φ
2 − fDE2) + λXs2θ
[
3X2 − a(φ2 −m2)]− 2λXasθcθφX
λφ(fDE
2 − φ2)2 + λX [X2 − a(φ2 −m2)]2
, (14)
where cθ = cos θ and sθ = sin θ. In the limit
λφ
λX
, a → 0,
we obtain r → 128s2θ/〈X〉2 and 2η → 24s2θ. This leads
to |θ| ≃ 2.20 and X = 0.966 to have r = 0.2 and ns =
0.96. In this case, the slow-roll gives the integrand of Eq.
(11) as ∼ 26 and we need the slow-rolling continues until
(ϕend − ϕBCP2) ∼ 2 to have N ∼ (50 − 60). This rough
estimate, for the limit
λφ
λX
, a → 0, is just to show the
existence of possible solutions. This limit is effectively
discounting the U(1)de hilltop potential compared to the
chaoton potential.
For a small θ region,
√
r
2
≃
∣∣∣∣∣∣8φ
(fDE
2−φ2)
[X2−a(φ2−m2)]2 +
a(λX/λφ)
X2−a(φ2−m2)
(λX/λφ) +
(fDE2−φ2)2
[X2−a(φ2−m2)]2
∣∣∣∣∣∣ , (15)
2η ≃ 8(3φ
2 − fDE2)
(φ2 − fDE2)2 + (λX/λφ) [X2 − a(φ2 −m2)]2
.
(16)
For 2η to be positive in the downhill region, we re-
quire φ to be sufficiently large 1√
3
< φfDE < 1. If the
U(1)de hilltop potential is more significant than the chao-
ton, the region for the λX/λφ → 0 limit can be consid-
ered, in which case we obtain
√
r
2
≃
∣∣∣∣ 8x(1− x2)
∣∣∣∣ , 2η ≃ 8 (3x
2 − 1)
(1− x2)2 . (17)
where x = φ/fDE. For a nonzero r, we need fDE >
√
48.
But, then Eq. (17) gives a too large r for φ > fDE/
√
3.
Therefore, a reasonable value of θ is needed.
For φ to contribute also significantly in the inflation, we
can take comparable λφ and λX , and also a nonnegligible
θ. To check this region, let us study λX = λφ and θ =
±π4 . Then, we have
√
r =
∣∣(X − aφ)[X2 − a(φ2 −m2)]− φ(fDE2 − φ2)∣∣
(fDE
2 − φ2)2 + [X2 − a(φ2 −m2)]2
2η = 4
√
r
(3φ2 − fDE2) + [3X2 − a(φ2 −m2)]∓ 2φX∣∣(X − aφ)[X2 − a(φ2 −m2)]− φ(fDE2 − φ2)∣∣ .
(18)
If θ turns to ±π4 (for ±φ direction) in a short fall of X
while φ has a trans-Planckian shift, i.e. |X/φ| ≪ 1, we
have
ns ≃ 1− 3
8
r + 4
√
r
(3 − a)φ2 − fDE2
(1 + a2)φ3 − fDE2φ
. (19)
For ϕBCP2 = 1/
√
2, r = 0.2 and ns = 0.96, we need
fDE(1 + a) ≃ 73, which are the conditions before calcu-
lating the e-fold number. So, it is possible to satisfy the
BICEP2 point. But, there is a problem in obtaining a
large e-folding. That is our reason that a large e-folding
is mainly obtained by shifting from a non-negligible θ to
the θ ≃ 0 direction as shown in Fig. 3. To illustrate
a possibility for a particular choice of parameters with
the form Eq. (19), let us choose a = 1 so that ns vs. r
function takes a simple form ns ≃ 1 − 38r + (4
√
r/φ). If
we assume most of 50–60 e-folding is obtained by the φ
path immediately after the detour along X , we have the
e-folding region as shown in Fig. 4 for fDE = 70. But,
it is not accurate in the sense that we chose a specific
angle and assumed the final path along φ giving most of
e-folding. A reliable numerical study is necessary [27].
50.94 0.96 0.98 1.00
ns
0.0
0.1
0.2
0.3
0.4
r
0
.0
0
2
Planck+WP+highL
Planck+WP+highL+BICEP2
r0.002
r
0
.0
0
2
s
a = 1, fDE = 70
V ∝ coss φ :
N = 55
⋆
FIG. 4: The U(1)de -hilltop estimation of r and ns over the
background-blue tone of BICEP2 plus Planck data and the
background-brown tone of Planck-only data. The red star
is the BICEP2 point, r = 0.2 and ns = 0.96. The green
region of ns . 0.95 is for a kind of single field hilltop potential
V ∝ coss φ for any s. Our model prediction for N = 55
(the yellow curve) is illustrated with parameters a = 1 and
fDE = 70 of Eq. (19).
V. TRANS-PLANCKIAN SCALE FROM
DISCRETE SYMMETRIES
With a single field inflation with a large tensor mode
r, there is the well-known Lyth bound φ & 15MP [16].
Since BICEP2 report indicates a non-negligible r, we can
use Lyth’s trans-Planckian VEV condition to constrain
possible theories [28]. Even if a chaotic inflation with φ2
can describe a large r with a trans-Planckian VEV, it
is required in this case to explain why all higher order
terms are neglected. For example, one may consider
VLyth =
1
2
m2φ2 +
∑ λd
Md−4
φd, (20)
from which a slow-roll parameter is calculated as
η(N) =
m2
3H2I
+
∑
d(d− 1)λdφd/Md−4
3H2Iφ
2
. (21)
Barring the accidental cancellation, the condition for a
trans-Planckian VEV of φ is d(d− 1)λd < 6× 10−9 [28].
This is a slow-roll inflation condition. Pictorially, we rein-
terpret this in Fig. 2. Even without the condition for a
slow-roll, the Einstein equation, Gµν = Tµν , must be
applicable in the evolution of the Universe. It amounts
to requiring the vacuum energy V in Fig. 2 must be
sufficiently small. The natural inflation has V as the co-
sine function such that in the gray region of Fig. 2 it is
not going up above O(M4G), i.e. V is bounded by the red
dash-line, and consideration of a trans-Planckian VEV of
φ does not lead to V larger than O(M4G) [15, 17]. For ex-
ample, in string theory one allows all non-renormalizable
terms below the string scale ms . MP . The question is,
“Why do we neglect a term such as φ104/m100s ? Its co-
efficient must be smaller than 10−127 not to disrupt the
quadratic term for the dominant contribution to the in-
flation.” This argument applies to all possible terms from
string theory. On top of this, one can add here the slow-
roll condition (21), which gives conditions on the coupling
constants. But condition (21) is not that strong com-
pared to those forbidding all possible non-renormalizable
terms.
In the hilltop inflation, the inflation region is in the yel-
low part of Fig. 2. In this region, theory is well behaved
if V is bounded by O(M4G). Here, we add another way
to realize the trans-Planckian decay constant along this
line of argument. In the yellow hilltop region, the ratio
φ/MP has a fixed value even though it can be O(10).
Suppose string theory allows a ZN or ZnR symmetry
[9], and here a ZnR is assumed for an explicit discussion.
Let the inflaton Φ carries a negative ZnR charge but let
all GUT scale scalars ψi carry positive ZnR charges. The
VEVs 〈ψi〉 are at the GUT scale. Let us assume only
one ψi for simplicity. The effective superpotential terms
are obtained by assigning GUT scale VEVs to the GUT
scale scalars,
∑
i
ψai
Mai+ℓi−3P
Φℓi ; with constraint ainψ + ℓinΦ = 2.
(22)
where nψ > 0 and nΦ < 0 are the ZnR quantum numbers
of ψ and Φ, respectively, and we have the relation ainψ =
2 − ℓinΦ. Since nΦ < 0, we must have ai = (ℓi|nΦ| +
2)/nψ, and the most dangerous term with the minimal
form of Ka¨hler potential is |∂W/∂ψ|2
∑
i,j
aiajψ
ai+aj−2
M
ai+aj+ℓi+ℓj−6
P
Φℓi+ℓj
=
∑
i,j
aiaj
(
ψ
MP
) (ℓi+ℓj)|nΦ|−2nψ+4
nψ
(
Φ
MP
)ℓi+ℓj
M4P .
(23)
Let us take ψ/MP ∼ 10−2 and Φ as a trans-Planckian
value [16], Φ/MP ∼ 31 ≃ 103/2 for an illustration. Then,
we estimate the magnitude of V as
≈
∑
i,j
(10)
log ai+log aj−
2(ℓi+ℓj)|nΦ|−4nψ+8−
3
2
(ℓi+ℓj)nψ
nψ M4P .
(24)
Therefore, if |nΦ| > 34nψ, we obtain successively decreas-
ing Φℓ terms as ℓ increases for a large ℓ and obtain a
reasonable expansion. This is in contrast to what Lyth
recently commented against SUSY [28]. Lyth’s criteria
will apply to any theory, even for models without SUSY if
it needs a trans-Planckian inflaton field value, asking for
a rationale of the potential cutting off the higher power
inflaton terms. The trick we obtain a successively de-
creasing series from (22) is that as soon as the power ℓ
6of the trans-Planckian field Φ increases, the suppression
from the GUT field ψ increases more rapidly due the dis-
crete symmetry constraint originating from a gauge sym-
metry [9]. Of course, this method does not work outside
the hilltop region.
VI. CONCLUSION
Based on the recent BICEP2 report on the CMB B-
mode polarization, we analysed a few implications of
our recently proposed U(1)de hilltop inflation model.
The U(1)de hilltop inflation alone cannot describe the BI-
CEP2 data at bull’s eye, but by coupling it to a chaoton
field it can successfully locate the BICEP2 point. In this
case, a trans-Planckian decay constant is needed. We
commented how the trans-Planckian decay constant can
lead to a GUT scale energy density in the hilltop side of
the potential, which is made possible from some discrete
symmetries of ultra-violet completed models.
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